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Parity Violation of Gravitons in the CMB Bispectrum 
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Department of Physics and Astrophysics, Nagoya University, Nagoya 464-8602, 

Japan 

We investigate the cosmic microwave background (CMB) bispectra of the intensity (tem- 
perature) and polarization modes induced by the graviton non-Gaussianities, which arise 
from the parity-conserving and parity- violating Weyl cubic terms with time-dependent cou- 
pling. By considering the time-dependent coupling, we find that even in the exact de Sitter 
space time, the parity violation still appears in the three-point function of the primordial 
gravitational waves and could become large. Through the estimation of the CMB bispectra, 
we demonstrate that the signals generated from the parity-conserving and parity-violating 
terms appear in completely different configurations of multipoles. For example, the parity- 
conserving non-Gaussianity induces the nonzero CMB temperature bispectrum in the con- 
figuration with X]n=i ~ even and, while due to the parity-violating non-Gaussianity, 
the CMB temperature bispectrum also appears for X]n=i ^" ~ odd. This signal is just 
7^ ■ good evidence of the parity violation in the non-Gaussianity of primordial gravitational 

waves. We find that the shape of this non-Gaussianity is similar to the so-called equi- 
lateral one and the amplitudes of these spectra at large scale are roughly estimated as 
\bue\ ^ X 3.2 X 10~^ (GeV/yl)^ (r/O.l)*, where A is an energy scale that sets the magni- 
tude of the Weyl cubic terms (higher derivative corrections) and r is a tensor-to-scalar ratio. 
Taking the limit for the nonlinearity parameter of the equilateral type as < 300, we can 
obtain a bound as /l > 3 x lO^'GeV, assuming r = 0.1. 

Subject Index: 400, 434, 435, 442, 452 

§1. Introduction 

Non-Gaussian features in the cosmological perturbations include detailed infor- 
mation on the nature of the early Universe, and there have been many works that 
attempt to extract them from the bispectrum (three-point function) of the cosmic 
microwave background (CMB) anisotropies (e.g., Refs. l)-4)). However, most of 
these discussions are limited in the cases that the scalar-mode contribution dom- 
inates in the non-Gaussianity and also are based on the assumption of rotational 
invariance and parity conservation. 

In contrast, there are several studies on the non-Gaussianities of not only the 
scalar-mode perturbations but also the vector- and tensor-mode perturbations. ^^"''^ 
These sources produce the additional signals on the CMB bispectrum^) and can 
give a dominant contribution by considering such highly non-Gaussian sources as 
the stochastic magnetic fields.^) Furthermore, even in the CMB bispectrum induced 
from the scalar-mode non-Gaussianity, if the rotational invariance is violated in the 
non-Gaussianity, the characteristic signals appear. ^'^^ Thus, it is very important to 
clarify these less-noted signals to understand the precise picture of the early Universe. 
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Recently, the parity violation in the graviton non-Gaussianities has been dis- 
cussed in Refs. 11) and 12). Maldacena and Pimentel first calculated the primor- 
dial bispectrum of the gravitons sourced from parity-even (parity-conserving) and 

parity-odd (parity- violating) Weyl cubic terms, namely, and WW"^, respectively, 
by making use of the spinor helicity formalism. Soda et al. proved that the p^ity- 
violating non-Gaussianity of the primordial gravitational waves induced from WW'^ 
emerges not in the exact dc Sitter space-time but in the quasi dc Sitter space-time, 
and hence, its amplitude is proportional to a slow-roll parameter. In these studies, 
the authors assume that the coupling constant of the Weyl cubic terms is independent 
of time. 

In this paper, we estimate the primordial non-Gaiissianitics of gravitons gen- 
erated from and WW"^ with the time-dependent coupling parameter. We 
consider the case where the coupling is given by a power of the conformal time. 
We show that in such a model, the parity violation in the non-Gaussianity of the 
primordial gravitational waves would not vanish even in the exact de Sitter space- 
time. The effects of the parity violation on the CMB power spectrum have been 
well-studied, where an attractive result is that the cross-correlation between the in- 
tensity and S-mode polarization is generated. On the other hand, in the CMB 
bispectrum, owing to the mathematical property of the spherical harmonic function, 
the parity-even and parity-odd signals should arise from just the opposite configu- 
rations of multipoles.^^)'-*^^^ Then, we formulate and numerically calculate the CMB 
bispectra induced by these non-Gaussianities that contain all the correlations be- 
tween the intensity (I) and polarizations {E^ B) and show that the signals from 
(parity-conserving) appear in the configuration of the multipoles where those from 
WW^ (parity-violating) vanish and vice versa. 

This paper is organized as follows. In the next section, we derive the primor- 
dial bispectrum of gravitons induced by and WW"^ with the coupling constant 
proportional to the power of the conformal time. In §3, we calculate the CMB bis- 
pectra sourced from these non-Gaussianities, analyze their behavior and find some 
peculiar signatures of the parity violation. The final section is devoted to summary 
and discussion. In Appendix A, we explain the detailed calculation of the product 
between the polarization tensors and unit vectors. 

Throughout this paper, we use Mpi = I/VSttG, where G is the Newton constant 
and the rule that all the Greek characters and alphabets run from to 3 and from 
1 to 3, respectively. 

§2. Parity-even and parity-odd non-Gaussianity of gravitons 

In this section, we formulate the primordial non-Gaussianity of gravitons gener- 
ated from the Weyl cubic terms with the running coupling constant as a function of 
a conformal time, /(r), whose action is given by 

S = I dT(fx^ (y^W^ + WW^^ , (2-1) 
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with 

= W^^sW^apW^^aP , (2-2) 

WW^ = e'^^'^^W^.^sW^^^pW^ap , (2-3) 

where W^^^s denotes the Weyl tensor, e'^^'^'^ is a 4D Levi-Civita tensor normaUzed 
as e"^^^ = 1, and yl is a scale that sets the value of the higher derivative correc- 
tions. ^-^^ Note that and WW"^ have the even and odd parities, respectively. In 
the following discussion, we assume that the coupling constant is given by 

/M=(^)'. (2.4) 

where r is a conformal time. Here, we have set /(r^,) = 1. Such a coupling can 
be readily realized by considering a dilaton-like coupling in the slow-roll inflation as 
discussed in §2.2. 

2.1. Calculation of the primordial bispectrum 

Here, let us focus on the calculation of the primordial bispectrum induced by 
and WW'^ of Eq. (2-1) on the exact de Sitter space-time in a more straightforward 
manner than those of Refs. 11) and 12). 

At first, we consider the tensor perturbations on the Priedmann-Lemaitre- Robertson- 
Walker metric as 

ds'^ = a'^i-dr'^ + e'^'^dx'dx^) , (2-5) 

where a denotes the scale factor and obeys the transverse traceless conditions; 
7m = djij/dx-'' = 0. Up to the second order, even if the action includes the Weyl 
cubic terms given by Eq. (2-1), the gravitational wave obeys the action as^^^'^^^ 



r 

S = / dTdx-^a^{%^ij - -iij,klij,k) , (2-6) 



where " = d/dr and ,i = d/dx^. We expand the gravitational wave with a transverse 
md trace' 
aWt,aW as 



and traceless polarization tensor e\j^ and the creation and annihilation operators 



-I 



d^k 

A=±2 

^ j;7(^nfe,r)e;^^)(fe)e^^-, (2-7) 
with 

7W(fe,r) ^ lds{k,T)ai'^+^*,s{k,T)a^^l^ . (2-8) 
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Here, A = ±2 denotes the helicity of the gravitational wave and we use the polariza- 
tion tensor satisfying the relations as 

The creation and annihilation operators obey the relations as 

4'^ |0) = , 



(2-9) 



= {27TfSik-k')S^,x' , 



(2-10) 



where |0) denotes a vacuum eigenstate. Then, the mode function of gravitons on the 
de Sitter space-time 7,^5 satisfies the field equation as 



and a solution is given by 



7d5 ids + ^ 7d5 = 

T 



(2-11) 



(2-12) 



where H = — (ar)^^ is the Hubble parameter and has a constant value in the exact 
de Sitter space-time. 

On the basis of the in-in formalism (see, e.g., Refs. 5) and 20)) and the above 
results, we calculate the tree-level bispectrum of gravitons on the late-time limit. 
According to this formalism, the expectation value of an operator depending on 
time in the interaction picture, 0{t), is written as 

J-gi / Hint i*')'^^' 0(t)Te~^ ^ {t')dt' 



m)) 







(2-13) 



where T and T are respectively time-ordering and anti-time-ordering operators and 
Hint{t) is the interaction Hamiltonian. Applying this equation, the primordial bis- 
pectrum of gravitons at the tree level can be expressed as 



\n=l 



dr' { 



■Hintir') :,n7^^"^(fcn,r) 



n=l 



,(2-14) 



where : : denotes normal product. 

Up to the first order with respect to 7ij, the nonzero components of the Weyl 
tensor are written as 



1 



kl 



'^ikljljaa "I" ^il1jk,aa "I" ^jk1il,a,a ^jllikjC 



(2-15) 
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where 'fij^aa = 7ij + ^'^^ij- Then, and WW"^ respectively reduce to 



rim 



(2-16) 



(w°^;mI^'%i + 2T^%„.T^°"^0i)] , (2-17) 



where jf^^ = e^'^^^ . Using the above expressions and J drHint = —Sint^ up to the 
third order, the interaction Hamiltonians of and WW^ are respectively given by 

A 



Hw3 = -J (fxA-^Hrf (^^^ 



X -^lij,aa [ljk,l3l3lki,aa + ^ikl,iikl,3 + ^iik,njl,k " '^'^iik,likl,j] , (2T8) 

,ra ^im,l)\ ■ 

(2-19) 

Substituting the above expressions into Eq. (2-14), using the solution given by 
Eq. (2-12), and considering the late-time limit as r — )• 0, we can obtain an explicit 
form of the primordial bispectra: 



(27r)3<5 ( E^- 1 fi:l{kiMM)flii{k^MM) , (2-20) 



with*) 



\n=l 



fir) 



int 



\n=l 



H V /H-' 



pi 



J —oc 



/ /5+A ikir' 



oo 



1 



,(-A2) (-A3) £g(-A2) (-A3)r . 

+ A ^kl ^kl '«2iK3j 



+ L(-^2) (-As)/- _ 3 (_A2) (-As)/- 



(a) 



IT] 



Mpi 

ijk 



2 jfe fei 

3 

4 

^■^jm '^•^m "^mi "^mq '^^J J 



Im 



(2-21) 

+ 5 perms, (2-22) 
(2-23) 



-kq 

.e(-Ai)g(-A2 



^hkk2i {e^^'^hm - et^'^hi}] + 5 perms . (2-24) 

Here, h = En=i ^n, int = and WW'^, "5 perms" denotes the five symmetric 
terms under the permutations of (fei, Ai), (^2, A2), and (fc3,A3). Prom the above 

*^ Here, we set t» < 0. 
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expressions, we find that the bispectra of the primordial gravitational wave in- 
duced from and WW^ are proportional to the real and imaginary parts of 

, respectively. This difference comes from the number of 
7ij,aa and 7ij,fc- H^ri consists of the products of an odd number of the former terms 
and an even number of the latter terms. On the other hand, in iJ^^ji the sit- 
uation is the opposite. Since the former and latter terms contain 7,^5 — k'^^dS = 
{2Ht' lM^i)k^l'^e-^^''' and 7^5 = iiHr' /M^k^/'^cr'^'^' , respectively, the total num- 
bers of i are different in each time integral. Hence, the contributions of the real and 

(r) (r) 

imaginary parts roll upside down in fy^/.^ and f~^^. Since the time integral in the 
bispectra can be analytically evaluated as 



J —(X 



cos 



(2-25) 



and f~ ^ reduce to 



J-^yS — 



(r) 



H 
H 



M, 



pi 



cos(l^) ri6 + A)kt^i-ktn) 
sin(|yl) r{6 + A)kr\-ktT,) 



-A 



(2-26) 
(2-27) 



where r{x) is the Gamma function. 

From this equation, we can see that in the case of the time^ndependent coupling, 
which corresponds to the ^ = case, the bispectrum from WW^ vanishes. This is 
consistent with a claim in Ref. 12). *^ On the other hand, interestingly, if A deviates 
from 0, it is possible to realize the nonzero bispectrum induced from WW"^ even in 
the exact de Sitter limit. Thus, we expect the signals from WW'^ without the slow- 
roll suppression, which can be comparable to those from and become sufficiently 
large to observe in the CMB. 

2.2. Running coupling constant 

Here, we discuss how to realize f (x within the framework of the standard 
slow-roll inflation. During the standard slow-roll inflation, the equation of motion of 
the scalar field (p, which has a potential V, is expressed as 

~ ±y/2^MpiT-^ , (2-28) 

where e<^ = [dV/d(p/{3MpiH'^)]'^ /2 is a slow-roll parameter for (f), + and — signs are 
taken to be for dV/dcp > and dV/dcp < 0, respectively, and we have assumed that 
aH = — l/r. The solution of the above equation is given by 



(2-29) 



*^ In Ref. 12), the authors have shown that for ^ = 0, the bispectrum from WW^ has a nonzero 
value upward in the first order of the slow-roll parameter. 
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Hence, if we assume a dilaton-like coupling as / = e^'^~'^*^/^\ we have 

f(r)^i£)\ A = ±^,'^, (2.30) 

where M is an arbitrary energy scale. Let us take to be a time when the scale 
of the present horizon of the Universe exits the horizon during inflation, namely, 
|r*| = k^^ ~ 14Gpc. Then, the coupling /, which determines the amplitude of the 
bispectrum of the primordial gravitational wave induced from the Weyl cubic terms, 
is on the order of unity for the current cosmological scales. From Eq. (2-30), we 
have A = ±1/2 with M = yge^Mpi. As seen in Eqs. (2-26) and (2-27), this leads to 

an interesting situation that the bispectra from and WW"^ have a comparable 

(r) (r) 

magnitude as = ±f~^^. Hence, wc can expect that in the CMB bispectrum, 
the signals from these terms are almost the same. 

In the next section, we demonstrate these through the explicit calculation of the 
CMB bispectra. 

§3. CMB parity-even and parity-odd bispectrum 



In this section, following the calculation approach discussed in Ref. 8), we formu- 
late the CMB bispectrum induced from the non-Gaussianities of gravitons sourced 
by and WW^ terms discussed in the previous section. 

3.1. Formulation 

Conventionally, the CMB fluctuation is expanded with the spherical harmonics 



as 



AX{h) 



(3-1) 



em 



where n is a unit vector pointing toward a line-of-sight direction, and X means 
the intensity (= I) and the electric and magnetic polarization modes (= E,B). 
By performing the line-of-sight integration, the coefficient, a^my generated from the 
primordial fluctuation of gravitons, 7*-^^^ is given by^-*'^^-*'^^' 

ax,em = M-iY ^^Tx,e{k) J2 



(27r)3 



A=±2 



(3-2) 



(3-3) 



where x discriminates the parity of three modes: x = for X = I,E and x = 1 
foT X = B, and Tx,e is the time-integrated transfer function of tensor modes as 

calculated in, e.g., Refs. 24)-26). Using this expression, we can obtain the CMB 
bispectrum generated from the primordial bispectrum of gravitons as 



n=l 



k'^dkn^ . sr^ f Ki 



(27r) 



A„=±2 
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(3-4) 



\n=l 



In order to derive an explicit form of this CMB bispectrum, at first, we need 
to express all the functions containing the angular dependence on the wave number 
vectors with the spin spherical harmonics. Using the results of Appendix A, 
and f~ ^ can be calculated as 



,(a) 



= (87r) 



(a) 



3/2 



E 



E 



L',L"=2,3M,M',M" 



2 L' L" 
M M' M" 



X Ai (^1 ) A2 Yl'M' (^2 ) As ^L"M" (^3 ) 



1 

20 



2 L' 
2 1 



L" 
1 



TT < 



2 L' L" 
1 1 2 



+27r 



1 L' 
1 1 



(Svr) 



3/2 ^ ^ 
L',L"=2,3M,M',M" 



1 2 

2 L' L" 
2 11 

2 L' L" 
M M' M" 



+ 5 perms 



XA,1^2V(fcl)A,l^LV(fc2)A3i^L''M''(fe3)(-l)^''/^?,°i2'' 



, :^rA20-A2 

+ 2 ^'12 



(3-5) 




+5 perms , 



(3-6) 



where the 2x3 matrix of a bracket, and the 2x3 and 3x3 matrices of a curly 
bracket denote the Wigner-3j, 6j and 9j symbols, respectively, and 



JS1S2S3 
hl2lz 



{2h + 1)(2Z2 + l)(2/3 + 1) f h I2 k 

A-K \ Sl S2 S3 



The delta function is also expanded as 



(3-7) 



\n=l 



y^dy 



n 



E (-l)^""Wn(*»!/)i2,M„(*. 

.n=l LnMn 

Li L2 -L3 



rO 

^-'LiLaLs I Ml M2 M3 



(3-8) 
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Next, we integrate all the spin spherical harmonics over ki, k2 and fca as 



^3 - A3 ^3TO3 ^£3 M3 A3 ^L" M" 



7-AiO-Ai / 


, mi 


Ml 


2 

M 


TA2O-A2 / 
''£2^2^' \ 


' ^2 
, m2 


L2 
M2 


L' 
M' 


rAaO-Aa / 

-'^3^3^" \ 


, ms 


L3 
Ms 


L" 
M" 



(3-9) 
(3-10) 
(3-11) 



Through the summation over the azimuthal quantum numbers, the product of the 
above five Wigner-3_7 symbols is expressed with the Wigner-9j symbols as 



M1M2M3 

MM'M" 



Li L2 Ls 
Ml M2 M3 

ii Li 2 
mi Ml M 



2 L' L" 
M M' M" 



h h h 
mi 1712 ma 



L' 




' h 


M' 


)( 


, ma 


h 


h 


h 


Li 


L2 




2 


L' 


L" 



h Ls L" 



(3-12) 



Finally, performing the summation over the hclicitics, namely, Ai,A2 and A3, as 



A=±2 



21, 



20-2 
£L2 



'^L2 



, + L + X = even) 
{i + L + x = odd) 



El ■^^^ t\0-\tXC 



A=±2 



-A rAO-A 
12 



'^iTll'Iui2 ^ (£ + L + x = odd) 
, + L + X = even) 



A=±2 



x+1 



rAO-A 

'■IL2 



r20-2 

, + L + X = even) 



2Tfl-'^ , + L + X = odd) 



(3-13) 
(3-14) 
(3-15) 



and considering the selection rules of the Wigner symbols,^) we derive the CMB 
bispectrum generated from the non-Gaussianity of gravitons induced by as 



\n=l 



14/3 



h i2 h 

mi m2 ma 



) Hy'dy y: (-1) 



iL±^±ii 

L1L2L3 



9 

n ^(-) 



.n=l 



kldknTx„,i^ ik„)jL„ {Ky) 



L1L2L3 
(r) 



fws^ki,k2,ks) 



^Q-^^3/2 o 7-20-2 7-20-2 r20-2 

(Stt) ' 2^ ^h^L^2h2L2L'h^L3L 

L',L"=2,3 

-^y|5L',25L",2 (n^£A,c.n 
\n=l 



' 4 ^2 4 1 

„ { Li L2 Ls 
2 L' L" 
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j_(_-\\L' T20-2T20-2n^{e) „(o) „(o) 

"•"I ^) ^L'12 ^L"12^Li,ei,xi^L2,e2,X2^L3,e3,X3 

2 L' L" 



2 V L" 
2 11 



+27r 



1 L' 
1 1 



TT < 1 1 

1 2 

2 L' L" 
2 1 1 



5 perms 



(3-16) 



and WW'^ as 



\n=l 



ii h 4 
mi m2 ms 



iL±^±i3 

L1L2L3 



L1L2L3 



n ^(-^)'" / kldknTx„,eAkn)jLAkny) 
.n=l 



4l2ikiM,ks) 



/'Q^^3/2 C 7-20-2 t20-2 

L',L"=2,3 



20-2 



Z,i,€i,a;i L2,£2,X2 L3,i3,X3 



2 2 L" 
1 2 1 



-2V27r' 





4 


4 




L2 




2 


L' 




2 


2 


L" 




1 


1 




1 


2 



L" r20-2 
L"12 



I r20-2 
"'"-'l'12 




Here, "5 perms" denotes the five symmetric terms under the permutations of (£1, mi, xi] 
(4,^12)3^2)) and (^j'^SjS^s), and we introduce the filter functions as 



V 



V 



L^e,x = (.^L,e-2 + Sl/ + SL,e+2)Sxfl 

+ {h,\e-3\ + ^L/-l + (^LZ+l + SL,e+3)Sx,l , 

(o) 



(3-18) 
(3-19) 



"L,e,x = i^L,e-2 + ^L,i + SL,i+2)Sx,l 

+ ('^L,|^-3| + ^L,e-1 + ^L/+l + SL,e+3)Sx,0 , 

where the superscripts (e) and (o) denote L + £ + x = even and = odd, respectively. 
Prom Eqs. (3-16) and (3-17), we can see that the azimuthal quantum numbers mi, m2, 

/ i-^ £2 id \ 

and m3 are confined only in a Wigner-3j symbol as ( ^ ^ mi' '^^^^ guar- 
antees the rotational invariance of the CMB bispectrum. Therefore, this bispectrum 
survives if the triangle inequality is satisfied as \£i — £2] < is < h + 
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Considering the products between the V functions in Eq. (3-16) and the selection 
rules as Yln=i = even, we can notice that the CMB bispectrum from does 
not vanish only for 



n=l 



+ Xn) = even . (3-20) 



Therefore, contributes the III, HE, lEE, IBB, FEE, and EBB spectra for 
En=i^n = even and the IIB,IEB,EEB, and BBB spectra for En=i^n = odd. 
This property can arise from any sources keeping the parity invariance such as W^. 
On the other hand, in the same manner, we understand that the CMB bispectrum 
from WW^ survives only for 

3 

J2i^n + Xn) = odd . (3-21) 

n=l 

By these constraints, we find that in reverse, WW^ generates the IIB, lEB, EEB, 
and BBB spectra for 4 = even and the ///, HE, lEE, IBB, EEE, and EBB 

spectra for J2n=i = odd. This is a characteristic signature of the parity violation 
as mentioned in Refs. 18) and 19). Hence, if we analyze the information of the CMB 
bispectrum not only for Yln=i ~ even but also for Yln=i ^" ~ odd, it may be 
possible to check the parity violation at the level of the three-point correlation. 

The above discussion about the multipole configurations of the CMB bispectra 
can be easily understood only if one consider the parity transformation of the CMB 
intensity and polarization fields in the real space (3-1). The HE, I EE, IBB, 
EEE and EBB spectra from W^, and the IIB, lEB, EEB, and BBB spectra from 
WW^ have even parity, namely. 



^ AXAri, 




Then, from the multipole expansion (3-1) and its parity flip version as 
AX{-fi) 



(3-22) 



^ ^ax,emyemi-n) = ^{-lYax,emyem{n) , (3-23) 

£m £m 

one can notice that Yln=i ^"'^ ~ ^^^^ must be satisfied. On the other hand, since the 
IIB, lEB, EEB, and BBB spectra from W^, and the ///, HE, lEE, IBB, EEE, 
and EBB spectra from WW^ have odd parity, namely, 

(ri^)--(n^^). (3-24) 

one can obtain Yln=i ^« ~ odd. 

In §3.3, we compute the CMB bispectra (3-16) and (3-17) when A = ±1/2,0, 1, 
that is, the signals from become as large as those from WW^ and either signals 
vanish. 
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Fig. 1. Shape of kjk^kiSA for yl = -1/2 (top left figure), (top right one), 1/2 (bottom left one), 
and 1 (bottom right one) as the function of fo/fci and fcs/fci. 



3.2. Evaluation of and f^^^ 



WW2 



Here, to compute the CMB bispectra (3-16) and (3-17) in finite time, we express 

with some terms of the power of ki,k2, and k^. 



the radial functions, and /^^^^ 



Let us focus on the dependence on ki, k2, and k-^ in Eqs. (2-26) and (2-27) as 

SA{ki,k2,k3) 



where we define Sa to satisfy Sa cc k as 



ikik2k3)^/^-ny 



(3-25) 



SA{ki,k2,ks) 



{kik2k3)^l^ 



(3-26) 



In Fig. 1, we plot Sa for A = —1/2,0,1/2, and 1. From this, we notice that the 
shapes of Sa are similar to the equilateral-type configuration as^^^ 



Seq{kl,k2,k3) = 6 



1 



1 



1 



1,31,3 l3),3 h'^h'^h'^ 
1 2 2 3 3 1 1 2 3 
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^1 ^2 ^3 ^1 ^3 ^2 ^2 ^3 ^2 ^1 ^3 ^3^1 ^2 ^3 ^2 ^1 / 

(3-27) 

To evaluate how a function S is similar in shape to a function S", we introduce a 
correlation function as^^'^^^ 



with 



oc / dx2 / (ia;3a;2a;35'(l,a;2,X3)5''(l,a:;2,X3) , (3-29) 

^0 J1-X2 



where the summation is performed over all fc^, which form a triangle and P{k) oc 
denotes the power spectrum. This correlation function gets to 1 when S = S' . In 
our case, this is calculated as 

'0.968, (A = -1/2) 
cos(5..5.,)=.{°-^™- = (3.30) 
^0.972, {A = l) 

that is, an approximation that Sa is proportional to S'cq seems to be valid. Here, 
we also calculate the correlation functions with the local- and orthogonal-type non- 
Gaussianities^' and conclude that these contributions are negligible. Thus, we de- 
termine the proportionality coefficient as 



'4.40 X 10-4 5eq , (^ = -1/2) 



Sa ^ ^^eq 



2.50xlO-X> (^ = 0) .3.3l^ 

1.42 X lO-^^eq , = 1/2) ^ ^ 

eq 



,8.09 X lO-^^eq . (^=1) 



Substituting this into Eqs. (2-26) and (2-27), we obtain reasonable formulae of the 
radial functions for ^ = 1/2 as 

Ar) ^ fix) 

vr^ , 10395 /F 1.42 x IQ-'^Scq 



and for A = —1/2 as 



Ar) _ _ Ar) 
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vr^ . V /Mpi\2 945 



-rAs 



Here, we also use 



2 '^yv^y 4V2 

X4.40 X 10"^(-n)^/2(^^^2A;3)^/^5eq . (3-33) 



"^^ = 4rAs, (3-34) 



MpiV 2 

where As is the amphtude of primordial curvature perturbations and r is the tensor- 
to-scalar ratio. For A = 0, the signals from WW"^ disappear as f^^2 ~ ^ 
the finite radial function of is given by 

f^l ^ (y r^s) ' 960 x 2.50 x lO'^^eq . (3-35) 

(r) 

In contrast, for ^4 = 1, since /^g = 0, we have only the parity-violating contribution 
from WW'^ as 



3.3. Results 

On the basis of the analytical formulae (3-16), (3-17), (3-32), (3-33), (3-35) and 
(3-36), we compute the CMB bispectra from and WW^ for A = -1/2,0,1/2, 
and 1. Then, we modify the Boltzmann Code for Anisotropies in the Microwave 
Background (CAMB).^^)'^!) In calculating the Wi gner symbols, we use the Common 
Mathematical Library SLATEC"^^^ and some analytic formulae described in Ref. 8). 
Prom the dependence of the radial functions and /^^^2 wave numbers, we 

can see that the shapes of the CMB bispectra from and WW^ are similar to the 

equilateral-type configuration. Then, the significant signals arise from multipoles 
satisfying ii £2 — ^3. We confirm this by calculating the CMB bispcctrum for 
several €s. Hence, in the following discussion, we give the discussion with the spectra 
for £1 2± £2 — ^3- However, we do not focus on the spectra from Yln=i = odd for 
ii = £2 = £3 because these vanish due to the asymmetric nature. 

In Fig. 2, we present the reduced CMB ///, IIB, IBB, and BBB spectra given 

by 



mimgmg 




(3-37) 
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i] + £2 + £3 = even 



+ £2 + £3 = odd 




^3 



Fig. 2. Absolute values of the CMB ///, IIB, IBB, and BBB spectra induced by and WW'^ for 
A = —1/2, 0, 1/2, and 1. We set that three multipoles have identical values as £i — 2 = ^2 — 1 ~ £3- 
The left figures show the spectra not vanishing for Xln^i ^" ~ even (parity-even mode) and the 
right ones present the spectra for Yln^i ~ odd (parity-odd mode). Here, we fix the parameters 
as yl = 3 X lO^GeV, r = 0.1, and r, = — fe^^ = — 14Gpc, and other cosmological parameters are 
fixed as the mean values limited from the WMAP 7-yr data.*' 
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for £i - 2 = £2 - 1 = is- Here, the G symbol is defined by/^^ 

+ 1)^2(^2 + 1) 



4(^1 + 1) -^2(^2 + 1) -4(4 + 1) 

'nn=l(24 + l) f il 4 4 , ^3.39) 



V 47r V -1 1 

At first, from this figure, we can confirm that there are similar features of the CMB 
power spectrum of tensor modes. ^^•'■^^^ In the /// spectra, the dominant signals are 
located in £ < 100 due to the enhancement of the integrated Sachs- Wolfe effect. On 
the other hand, since the fluctuation of polarizations is mainly produced through the 
Thomson scattering at around the recombination and reionization epoch, the BBB 
spectra have two peaks for £ < 10 and I ~ 100, respectively. The cross-correlated 
bispectra between / and B modes seem to contain both these effects. These features 
back up the consistency of our calculation. 

The curves in Fig. 2 denote the spectra for A = —1/2, 0, 1/2, and 1, respectively. 
We notice that the spectra for large A become red compared with those for small 
A. The difference in tilt of I between these spectra is just one corresponding to the 
difference in A. The curves of the left and right figures obey Yl^=i = even and 
= odd, respectively. As mentioned in §3.1, we stress again that in the i configura- 
tion where the bispectrum from vanishes, the bispectrum from WW^ survives, 
and vice versa for each correlation. This is because the parities of these terms are 
opposite each other. For example, this predicts a nonzero /// spectrum not only for 
En=i 4 = even due to but also for T.l=i 4 = odd due to WW'^. 

We can also see that each bispectrum induced by has a different shape from 
that induced by WW^ corresponding to the difference in the primordial bispectra. 
Regardless of this, the overall amplitudes of the spectra for A = ±1/2 are almost 
identical. However, if we consider A deviating from these values, the balance between 
the contributions of and WW^ breaks. For example, if —1/2 < A < 1/2, the 
contribution of dominates. Assuming the time-independent coupling, namely, 
A = 0, since f^^2 ~ ^' CMB bispectra are generated only from W^. Thus, we 
will never observe the parity violation of gravitons in the CMB bispectrum. On the 
other hand, when -3/2 < A < -1/2 or 1/2 < A < 3/2, the contribution of WW^ 

dominates. In an extreme case, ii A = odd, since fl^l = 0, the CMB bispect ra arise 
only from WW^ and violate the parity invariance. Then, the information of the 
signals under Yln=i 4 = odd will become more important in the analysis of the III 
spectrum. 



The conventional expression of the CMB-reduced bispectrum as 

bxiX2X3,iie2e3 = (j^hVLr^ J2 ( mi ma ml ) ( 11 ) (^'^S) 

mim2m3 \n=l / 

breaks down for " '-"^'^ '-'^'^ ^^'^ divergence behavior of {Ii-^i^t^)'^ ■ Here, replacing the 

/ symbol with the G symbol, this problem is avoided. Of course, for X]n=i ^" ~ even, Gi^t^H 
identical to 7^V°^?3. 
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sss 
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Fig. 3. (color online) Absolute value of the CMB /// spectra generated from for A — —1/2 (red 
solid line), (green dashed one), and 1/2 (blue dotted one) described in Fig. 2, and generated 
from the equilateral-type non-Gaussianity given by Eq. (3-40) with = 300 (magenta dot- 



dashed one). We set that three multipoles have identical values as £i 
fix the parameters as the same values mentioned in Fig. 2. 



Here, we 



In Fig. 3, we focus on the /// spectra from for £i 



to compare 



these with the /// spectrum generated from the equilateral-type non-Gaussianity of 
curvature perturbations given by 



uiSSS) 
^III,. 



y^dy 



n 



vr 



.n=l 
2 A \2 



KdknT^fS^n)3lSKy) 



X-/^l(27r^^5)'5cq(fcl,fe2,fc3 



(3-40) 



where /^^ is the nonlinearity parameter of the equilateral non-Gaussianity and Tj^g^ 
is the transfer function of scalar mode.^'*^'^^^ Note that these three spectra vanish 
for Yl\^i = odd. From this figure, we can estimate the typical amplitude of the 
/// spectra from at large scale as 



\bm\ ~ ^"^ X 3.2 X 10" 



0.1 



(3-41) 



This equation also seems to be applicable to the /// spectra from WW"^. On 
the other hand, the CMB bispectrum generated from the equilateral- type non- 
Gaussianity on a large scale is evaluated with as 



""^ X 4 X 10" 



15 



NL 



300 



(3-42) 



From these estimations and ideal upper bounds on estimated only from the 
cosmic variance for i < 100,^*^'^^^'^^^ namely < 300 and r ~ 0.1, we find a 



18 



M. Shiraishi, D. Nitta and S. Yokoyama 



rough limit: A > 3 x lO^GeV. Here, we use only the signals for Yln=i^n = even 
due to the comparison with the parity-conserving bispectrum from scalar-mode non- 
Gaussianity. Of course, to estimate more precisely, we will have to calculate the 
signal-to-noise ratio with the information of = 

§4. Summary and discussion 

In this paper, we have studied the CMB bispectrum generated from the gravi- 
ton non-Gaussianity induced by the parity-even and parity-odd Weyl cubic terms, 
namely, and WW^, which have a dilaton-like coupling depending on the con- 
formal time as / oc r"^. Through the calculation based on the in- in formalism, we 
have found that the primordial non-Gaussianities from WW'^ can have a magnitude 
comparable to that from W"^ even in the exact de Sitter space-time. 

Using the explicit formulae of the primordial bispectrum, we have derived the 
CMB bispectra of the intensity (I) and polarization {E, B) modes. Then, wc have 
confirmed that, owing to the diflFerence in the transforination under parity, the spec- 
tra from vanish in the £ space where those from WW^ survive and vice versa. 
For example, owing to the parity-violating WW^ term, the III spectrum can be 
produced not only for Yln=i = even but also for Y^n=i = odd, and the I IB 
spectrum can also be produced for (-n = even. These signals are powerful lines 

of evidence the parity violation in the non-Gaussian level; hence, to reanalyze the 
observational data for Yl^=i = odd is meaningful work. 

When A = —1/2, 0, 1/2, and 1, we have obtained reasonable numerical results of 
the CMB bispectra from the parity-conserving W"^ and the parity-violating WW"^. 
For A = ±1/2, we have found that the spectra from and WW'^ have almost the 
same magnitudes even though these have a small difference in the shapes. In contrast, 
if ^ = and 1, we have confirmed that the signals from WW"^ and vanish, 
respectively. In the latter case, we will observe only the parity-violating signals in 
the CMB bispectra generated from the Weyl cubic terms. We have also found that 
the shape of the non-Gaussianity from such Weyl cubic terms is quite similar to the 
equilateral-type non-Gaussianity of curvature perturbations. In comparison with the 
/// spectrum generated from the equilateral-type non-Gaussianity, we have found 
that if r = 0.1, yl > 3 x lO^GeV corresponds approximately to < 300. 

Strictly speaking, to obtain the bound on the scale A, we need to calculate 
the signal-to-noise ratio with the information of not only Yln=i ~ even but also 
Yln=i^n — odd for each A by the application of Ref. 19). This will be discussed in 
the future. 
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Appendix A 

Calculation of f^^X and f~ „ 

Here, we calculate each product between the wave number vectors and the po- 
larization tensors of fM and , mentioned in §3.1.^^'^^^ 

We set the polarization tensor defined in Refs. 8) and 22) as 



ik) ^ i= (^ea{k) + i^Mk)^ (0b{k) + i^Mk)^ , (A-l) 



/ sin 6 cos (p \ 




/ COS 


9 cos (f) \ 




1 — sin (j) \ 


1 sin 6 sin </> 




cos 


6 sin (j) 




cos (j) 


V cos 6* J 






sin I 




\ / 



(A), 

with 

k= I sva.6sm.(f) 1,0=1 cos sin I , (^=1 cos(j) I . (A-2) 
\ cosd ) \ -sine ) \ J 

Here, A = ±2 denotes the helicity of the gravitational wave. Of course, this po- 
larization tensor obeys the relations (2-9). According to Ref. 8), a unit vector and 
a polarization tensor (A-l) are expanded with the spin spherical harmonics respec- 
tively, as 

ka = J2a^Y,m{k) , (A-3) 

Mrriarrn, ^ ' 

with 



27r 



Om, — 1 y 

a"' = ^/^ I i (Vi+ (5^,-1) 1 . (A-5) 

-\/2(5m,0 




Then, the scalar product of a"* is given by 



«' = Y^-ir<-m' ■ (A-6) 



Using these relations, the first term of is written as 

(-Ai)„(-A2)„(-A3) 



4^ 47 = -(8^P E XiY2Uki)x,Y*j^,{k2)xsY,*M4k3) 



20 



M. Shiraishi, D. Nitta and S. Yokoyama 



10 



2 2 2 
M M' M" 



(A-7) 



where the summation of three Wigner symbols included in the polarization tensors 
with respect to azimuthal quantum numbers is performed using a formula: 

is li Iq 
1715 —mi —rriQ 



(_l)Et4'i-™i ( 



X 



k 

me 



h 

-m2 



h 

li h h 
mi m,2 ma 



h h 

h h h 
h h h 



(A-8) 



In the same manner, we can obtain the other terms of /^g as 

^kl ^kl l^'iiKSj 

L',L"=2,3 M,M',M" 



15 



/ -I \L' TX2O—X2 tAsO— A3 

^ ^) -'L'12 -'L"12 



2 L' L" 
M M' M" 



V L" 
1 1 



(A-9) 



I] "ki jl 

= -(87r)3/2 Yl E Ai>"2V(fcl)A.i2'M'(fc2)A3^L*"M"(fc3) 

L',L"=2,3M,M',M" 

' 2 L' L" ^ 



in 



w ( -1 \L' rA20— A2 rAaO— As 

^ 3 I -^^ -'L'12 -'L"12 



2 L' L" 
M M' M" 



1 1 
1 2 



(A-10) 



g(-Ai) (-A2) (-A3),; 



-(87r)3/2 J] J] Ail^2V(fcl)A2^LV(fe2)A3W'(fc3) 

L',L"=2,3 Af,M',Af" 

2 L' L" 
M M' M" 

2 L' L" 
2 11 

Here, in addition to the above relations, we use the product formula: 

2 



s.^^ (_l \L' 7-A2O-A2 7-A3O-A3 f 



2 
2 



1 



Hsi^imiCfe)— E ^syilmai^)^! h I3 ( 771- 
1=1 isms S3 



h k 

mi m2 m^ 



with 



JS1S2S3 _ 
^^2^3 



(2/i + l) (2/2 + 1) (2^3 + 1) 



h h h 

Sl S2 S3 



(A-11) 



(A-12) 



(A-13) 
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and the summation rules of the Wigner symbols: 



(2i3 + l) E 

E 



h h h 

mi 1712 



mTmamg 



m\m2 

h h h 
mi m5 me 



h 



mi m2 m^ 



(A-14) 



I4 Z7 Zi 
m4 mr mi 



h h h 
mi m2 ms 



h h h 

777-7 "T-S ^779 

h h h 

7775 "78 7772 



Iq h h 

7776 W79 7773 



(A-15) 

In the calculation of f~ , we also need to consider the dependence of the tensor 




contractions on r]^^^. Making use of the relation: 

47r\ 



Ill 

777a rrib mc 



the first two terms of f~ „ reduce to 

^kq '^jm '^iq '^^m 

= -(87r)3/2 ^ Aii^2V(fcl)A.1^2V(fc2)A3^L"M"(fc3) 

L"=2,3M,Af',M" 




2 2 L" 
M M' M" 



2 2 L" 
12 1 



77?- 'e. 



mq "'3j 



-(87r)3/2 ^ ^ Ai>^2M(fel)A2^2M'(fc2) A3 ^L"M" (^3) 
L"=2,3 M,M',M" 



x2V2;^(-l)^'7^30-^3 
For the other terms, by using the relation 



2 2 L" 
M M' M" 



2 2 
1 1 
1 1 



1 
2 



we have 

X] Ai>"2*M(fc"l)A2^L'M'(fc2)A3^L"M"(fc3) 



(A-16) 



(A-17) 



(A-18) 



(A- 19) 



L',L"=2,3 M,M'M" 
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471" / , .L" t\20-X2 TX3O-X3 f L' L" 



2 


L' 


L" 


1 


2 


1 


1 


1 


2 



= _^(87r)3/2 ^ ^ Ai>^2M(fcl)A,^i:'M'(fc2)A3>2"M"(fc3) 

2vr /7, -xL" rA20-A2 rAsO-As ' 2 L' L" \ I 2 L' L" 



^15V3^ ^^'12 '^^''12 V M M' M" n 1 2 2 



(A-21) 
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